We place observational constraints on slow-variation single-field inflationary models by carrying out the cosmological Monte Carlo simulation with the recent data of Planck combined with the WMAP large-angle polarization, baryon acoustic oscillations, and ACT/SPT temperature data. Our analysis covers a wide variety of models with second-order equations of motion-including potentialdriven slow-roll inflation, non-minimally coupled models, running kinetic couplings, Brans-Dicke theories, potential-driven Galileon inflation, field-derivative couplings to the Einstein tensor, and k-inflation. In the presence of running kinetic exponential couplings, covariant Galileon terms, and field-derivative couplings, the tensor-to-scalar ratio of the self-coupling potential V (φ) = λφ 4 /4 gets smaller relative to that in standard slow-roll inflation, but the models lie outside the 1σ observational contour. We also show that k-inflation models can be tightly constrained by adding the bounds from the scalar non-Gaussianities. The small-field inflationary models with asymptotic flat Einstein-frame potentials in the regime φ ≫ M pl generally fit the data very well. These include the models such as Kähler-moduli inflation, non-minimally coupled Higgs inflation, and inflation in Brans-Dicke theories in the presence of the potential V (φ) = 3M 2 (φ − M pl ) 2 /4 with the Brans-Dicke parameter ωBD O(1) (which covers the Starobinsky's model f (R) = R + R 2 /(6M 2 ) as a special case).
I. INTRODUCTION
Inflation is an elegant idea to resolve the horizon, flatness, and monopole problems plagued in standard big bang cosmology [1, 2] . The simplest inflationary scenario is based on a single scalar field (called inflaton) with a nearly flat potential [3] [4] [5] [6] (see Refs. [7] for reviews). The quantum fluctuations of inflaton can be responsible for the temperature anisotropies observed in the Cosmic Microwave Background (CMB). The slow-roll single-field inflationary models predict nearly scale-invariant density perturbations [8] , whose property is consistent with the CMB anisotropies measured by COBE [9] and WMAP [10] .
Recently, the Planck mission released the high-precision data of CMB temperature anisotropies up to the multipoles ℓ 2500 [11] . The Planck data, combined with the WMAP large-angle polarization (WP) measurement [12] , showed that the spectral index n s of curvature perturbations is constrained to be n s = 0.9603 ± 0.0073 at the wave number k 0 = 0.002 Mpc −1 [13] . The exact scale-invariance (n s = 1) is ruled out at more than 5σ confidence level (CL). The tensor-to-scalar ratio r is bounded to be r < 0.11 (95 % CL) at k 0 = 0.002 Mpc −1 . These constraints are powerful to discriminate between a host of inflationary models (see Refs. [14] for observational constraints on particular models after the data release of Planck).
The non-Gaussianities of curvature perturbations provide additional information to break the degeneracy between models [15] [16] [17] [18] . In the context of single-field slow-variation inflationary models, the non-linear estimator f local NL in the squeezed limit is as small as the orders of slow-variation parameters [18] [19] [20] [21] [22] . The WMAP9 data showed that the models with purely Gaussian perturbations of the local shape (f local NL = 0) are outside the 68 % CL observational contour [23] . However, the more high-precision Planck data constrained the non-linear estimator to be f local NL = 2.7 ± 5.8 (68 % CL) [24] , which means that single-field slow-variation inflationary models are consistent with the data. The non-linear parameters of equilateral and orthogonal shapes are bounded to be f equil NL = −42 ± 75 and f ortho NL = −25 ± 39 (68 % CL) from the Planck measurement. This information is useful to constrain models with the small scalar propagation speed c s (such as k-inflation [25, 26] , Galileons [27, 28] , and effective field theory of inflation [29, 30] ), because |f equil NL | and |f ortho NL | can be much larger than 1 in those models [20, [31] [32] [33] [34] [35] [36] [37] [38] . In the light of Planck data, we put observational constraints on slow-variation single-field inflationary models based on the Horndeski's most general scalar-tensor theories [39] [40] [41] by running the Cosmological Monte-Carlo (CosmoMC) code [42, 43] . The Lagrangian of the Horndeski's theories is constructed to keep the field equations of motion up to second order for avoiding the Ostrogradski instability [44] . This Lagrangian covers a wide variety of gravitational theories with one scalar degree of freedom-such as standard slow-roll inflation [3] [4] [5] [6] , non-minimally coupled models [45, 46, 48] , running kinetic couplings [49, 50] , Brans-Dicke theories [51] (including f (R) gravity [1] ), Galileon inflation [52] [53] [54] , field derivative couplings to gravity [55, 56] , and k-inflation [25, 26] . For the inflationary scenarios based on where δ G3XX = G 3,XXφ X 2 /(M 2 pl HF ), δ G3φX = G 3,φX X 2 /(M 2 pl H 2 F ) and δ F =Ḟ /(HF ). Equation (8) shows that the quantity δ G3φX is second order of ǫ. Likewise, we find {δ G3φX , δ G3φφ , δ G4φX , δ G4φφ , δ G5φX , δ G5φφ } = O(ǫ 2 ) ,
where δ G3φφ = G 3,φφφ X/(M 2 pl H 3 F ). From Eq. (5), it follows that ǫ = δ P X + 3δ G3X − 2δ G3φ + 6 δ G4X − δ G4φ − 6 δ G5φ + 3 δ G5X + 12 δ G4XX + 2 δ G5XX + O(ǫ 2 ) .
The parameter δ F is related to δ G4φ via
For later convenience, we define the number of e-foldings as N (t) = ln a(t f )/a(t), where a(t) and a(t f ) are the scale factors at time t during inflation and at the end of inflation respectively. Since dN/dt = −H(t), it follows that
The field value φ f at the end of inflation is known by solving ǫ(φ f ) = 1. The number of e-foldings when the perturbations relevant to the CMB temperature anisotropies crossed the Hubble radius is in the range 50 < N < 60 [13, 68] . In order to evaluate the n-point correlation functions of scalar and tensor perturbations (n = 2, 3), it is convenient to choose the ADM metric [69] about the flat Friedmann-Lemaître-Robertson-Walker background
where α, ψ, R are scalar perturbations, and h ij is the tensor perturbation. The uniform-field gauge (δφ = 0) is chosen to fix the time component of a gauge-transformation vector ξ µ . The scalar perturbation E ,ij appearing in the metric (13) is gauged away to fix the spatial component of ξ µ . The linear perturbation equations can be derived by expanding the action (1) up to second order of perturbations. From the momentum and Hamiltonian constraints, the scalar perturbations α and ψ are related to the curvature perturbation R. Then, we obtain the second-order action of R, as [37, 38, 57] The terms δ G4φXX and δ G5φXX are of the order of ǫ 2 . At leading order in slow-variation parameters, we have
by which the scalar propagation speed squared can be expressed as
The power spectrum of curvature perturbations is given by [37, 38, 57 ]
which should be evaluated at the epoch when the mode with a wave number k crossed c s k = aH during inflation. The scalar spectral index reads
where
The running spectral index is defined by
which is of the order of ǫ 2 from Eq. (27) . The transverse and traceless tensor perturbation h ij can be decomposed into two independent polarization modes,
The tensors e λ ij (where λ = +, ×) satisfy the relations e
The second-order action for the tensor perturbation is [37, 38, 57 ]
The tensor power spectrum reads
where, in the second approximate equality, we have taken leading-order terms. When both R and h λ approach approximately constant values during inflation, the tensor-to-scalar ratio can be evaluated as
We define the tensor spectral index and its running, as
where α t is of the order of ǫ 2 . Using Eqs. (10), (11) , and (24), we obtain the following consistency relation
In order to avoid ghosts and Laplacian instabilities, we require the conditions Q s > 0, c 2 s > 0, Q t > 0, and c 2 t > 0, i.e.,
We focus on the models in which these conditions are satisfied.
The non-Gaussianities of curvature perturbations generated in the Horndeski's theories were evaluated in Refs. [22, 37, 38] . The bispectrum A R is related to the three-point correlation function of R, as
We also define the non-linear estimator f NL , as
The leading-order bispectrum was derived in Refs. [22, 37] on the de Sitter background. In Ref. [22] , the authors computed the three-point correlation function by taking into account all the possible slow-variation corrections to the leading-order term. In this case, the resulting bispectrum is valid for any shape of non-Gaussianities with the momentum triangle satisfying k 1 + k 2 + k 3 = 0. Under the slow-variation approximation used above, the non-linear estimator f local NL in the squeezed limit (k 3 → 0, k 1 → k 2 ) is given by [22] 
Since f local NL is of the order of ǫ, the Planck bound f local NL = 2.7 ± 5.8 (68 % CL) is satisfied for all the slow-variation single-field models based on the Horndeski's theories. There are some non slow-roll inflationary models in which the relation (41) can be violated [70] , but we generally require the tunings of model parameters and initial conditions to satisfy the constraints of n s and r. Hence we do not consider such specific models in our paper.
In Ref. [22] , it was shown that the leading-order bispectrum (of the order of ǫ 0 ) can be expressed by the linear combination of two bases S , as
The coefficients c 1 and c 2 are
c 2 = 14 − 13β 12
In the limit of the equilateral triangle (k 1 = k 2 = k 3 ), the leading-order non-linear parameter f
For the models in which c 2 s is of the order of 1, |f eq NL | is at most of the order of 1. However, the models with c 2 s ≪ 1 (such as k-inflation) are subject to be constrained from the non-Gaussianities.
III. CLASSIFICATION OF SINGLE-FIELD MODELS
In this section, we classify single-field inflationary models based on the Horndeski's theories and evaluate the inflationary observables in each model. We stress that our analysis is based on the slow-variation approximation, under which all the parameters defined in Eq. (7) are much smaller than 1. There are some specific cases in which the slow-variation approximation is violated, but if this occurs for the perturbations relevant to CMB anisotropies, the scalar spectral index tends to be at odds with observations. Hence we focus on the slow-variation inflationary scenario where the condition |ǫ| ≪ 1 is satisfied in the whole regime characterized by N < 70.
A. Potential-driven slow-roll inflation
The standard slow-roll inflation driven by a potential energy V (φ) of a canonical field φ is given by
In this case, ǫ = ǫ s = δ P X =φ 2 /(2M 
Then, the number of e-foldings (12) reads
The slow-roll parameters ǫ s and η s reduce to ǫ s ≃ ǫ V and η s ≃ 4ǫ V − 2η V , where
The observables (27) , (34) , and (35) reduce to
Using Eqs. (51)- (53), we obtain the relation (dφ/dN ) 2 = (M 2 pl /8)r. Assuming that r is nearly constant, the variation ∆φ of the field during inflation (corresponding to N ≈ 60) can be estimated as
This is known as the Lyth bound [71] , which relates ∆φ with the tensor-to-scalar ratio r. The models with ∆φ M pl and ∆φ M pl are called the "large-field" and "small-field" models, respectively. Let us consider the power-law potential [4] 
where n and λ are positive constants. In this case, we have
value φ f at the end of inflation can be derived from the condition
From Eq. (51) the number of e-foldings N is related to the field φ, as
pl . Then, it follows that
For the exponential potential V (φ) = V 0 e −γφ/M pl [72, 73] , we have n s = 1 − γ 2 and r = 8γ 2 , so this model is on the line
which corresponds to the limit n → ∞ in the last relation of Eq. (56) . Since inflation does not end for the exponential potential, we require the modification of the potential around the end of inflation.
B. Non-minimally coupled models
We proceed to non-minimally coupled theories described by the action
where F (φ), ω(φ), and V (φ) are functions of φ. From Eqs. (23)- (25) and (45)- (46), we have c Under the conformal transformationĝ µν = F (φ)g µν , the action (58) recasts to the one with a minimally coupled scalar field (the Einstein frame) [74] . The transformed action is given by
where a hat represents the quantities in the Einstein frame, and
In Refs. [75] [76] [77] , it was shown that inflationary observables such as n s and r are unchanged even after the conformal transformation (i.e.,n s = n s andr = r). Then, we just need to use the formulas (53) by replacing ǫ V and η V for
Let us study the non-minimal coupling models given by [45] [46] [47] [48] 
with the non-canonical kinetic term ω(φ)X. For the self-coupling potential V (φ) = λφ 4 /4, the presence of the nonminimal coupling allows a possibility of reducing r [76, 77] . In particular, the Higgs potential
with λ ∼ 0.1 and φ 0 ≪ M pl can be accommodated for largely negative values of ξ [48] . This comes from the fact that the amplitude of curvature perturbations is proportional to λ/ξ 2 in the regime |ξ| ≫ 1. In the Einstein frame, the power-law potential (55) takes the form
For n = 4 and ξ < 0, this potential is asymptotically flat in the regime φ ≫ M pl . From Eq. (53), the scalar spectral index and the tensor-to-scalar ratio for the potential (62) read [50] 
where µ ≡ M pl ω ,φ /ω. The scalar power spectrum (26) is given by
For the models with constant ω, we have µ = 0. The Hubble parameters in the Jordan and Einstein frames (H andĤ respectively) have the relationĤ
The number of e-foldings in the Einstein frame should be the same as that in the Jordan frame by properly choosing a reference length scale [78] . Under the slow-roll approximation, the frame-independent quantity (12) reads [50] N =ˆχ
where the subscript "f " represents the value at the end of inflation (which is determined by the condition ǫ U = 1). For the potential (62) it follows that
C. Running kinetic couplings
Running kinetic inflation is characterized by the action (58) in the presence of the field-dependent coupling ω(φ) with F (φ) = 1. We focus on the case of the exponential coupling [50] 
where µ is constant. This is motivated by the dilatonic coupling in low-energy effective string theory [79] . For concreteness, we take the power-law potential (55) . At the potential minimum (φ = 0), the coupling ω(φ) is equivalent to 1. The spectral index (63) and the tensor-to-scalar ratio (64) read
where x = φ/M pl . From Eq. (66), the number of e-foldings is
where the field value at the end of inflation is known by solving x 2 f e µx f = n 2 /2.
D. Brans-Dicke theories (including f (R) gravity)
The Brans-Dicke (BD) theory is described by the action
where ω BD is the BD parameter. Contrary to the original BD theory [51] , we introduced the field potential V (φ).
Since this theory belongs to a class of the action (58), the action in the Einstein frame is given by Eq. (59) with
The scalar and tensor ghosts are absent under the conditions ω BD > −3/2 and F > 0. The f (R) theory characterized by the action S =´d
is a subclass of the BD theory (73) with the correspondence
The Starobinsky's model of inflation [1] corresponds to the Lagrangian
where M is a constant having a dimension of mass. In this case, the potential V (φ) in the Jordan frame reads
where φ/M pl = 1 + R/(3M 2 ). We study the BD theory described by the action (73) with the field potential (77) . This analysis covers the f (R) model (76) as a special case (ω BD = 0). The potential in the Einstein frame reads
Inflation occurs in the regime γχ/M pl ≫ 1, which is followed by the reheating stage characterized by the potential
For the potential (78), the inflationary observables are [50] 
The number of e-foldings (66) yields
The potential-driven inflation with covariant Galileon terms [54, 80, 81] belongs to a class of the action (1) with the choice
From Eq. (10), we have
Since inflation is mainly driven by the potential energy, Eq. (4) is approximately given by
Taking the time derivative of Eq. (83) and using Eq. (82), it follows that
From Eqs. (83) and (84), we have
The field value at the end of inflation is known by ǫ(φ f ) = 1, i.e.,
Using Eqs. (83) and (84), the number of e-foldings (12) reads
In the regime A ≫ 1, the Galileon self-interaction dominates over the standard kinetic term X. The quantities q s and c 2 s in Eqs. (23) and (25) reduce to
In order to avoid the appearance of scalar ghosts and Laplacian instabilities in the regime A ≫ 1, we demand the conditions c 3φ > 0, c 4 < 0, and c 5φ > 0. In the case where either of δ G3X , δ G4X , δ G5X dominates over δ P X during inflation, the scalar propagation speed squared is c 2 s = 2/3, 13/27, 2/5, respectively. This leads to the modification of the consistency relation r = −8n t in standard potential-driven slow-roll inflation. Using Eqs. (24), (82) , and (88), the tensor-to-scalar ratio (34) and the tensor spectral index (35) reduce to
If either of δ G3X , δ G4X , δ G5X dominates over δ P X during inflation, the relation between r and n t is
For the Galileon model in which only one of the G i terms (i = 3, 4, 5) is present, Eqs. (26), (27) , and (34) can be written in the forms [81] 
where the functions f i , g ǫi , g ηi , and h i are
The amplitude P R is constrained to be P R ≃ 2.2 × 10 −9 at k 0 = 0.002 Mpc −1 from the Planck data [13] . For the power-law potential (55) , this provides a relation between λ and M for a given value of n.
F. Field-derivative couplings to the Einstein tensor
The model of the field-derivative couplings to the Einstein tensor is given by the action [55, 56] 
where M is a constant having a dimension of mass. In the Horndeski's action, this corresponds to the choice
(with integration by parts) [52, 82] . From Eqs. (10) and (4), the same equations as Eqs. (82), (83) , and (84) hold with the replacement
There is also the relation ǫ = ǫ V /(1 + A). The field value φ f at the end of inflation and the number of e-foldings N are known from Eqs. (85) and (86), respectively. Since q s = δ P X − 6δ G5φ , the condition q s > 0 is automatically satisfied for
. We also have c 2 s = 1 at leading order of slow-roll. Since ǫ s = ǫ = δ P X − 6δ G5φ , the consistency relation is [83] 
which is the same as that of standard slow-roll inflation. Equations (26), (27) , and (34) can be expressed as [82] 
For the power-law potential (55), n s and r reduce to
where α = λM n−2 pl /M 2 and x = φ/M pl . The number of e-foldings is given by
where x f is known by solving 2x
G. k-inflation
We consider the k-inflationary scenario in which the non-linear terms of X are present in the Lagrangian [25] . In the following, we focus on the models in which the scalar propagation speed c s is constant. In fact, the constant values of c s appear in the context of power-law k-inflation (a ∝ t p with constant p). Generally, such a power-law expansion can be realized for the Lagrangian [67] 
where g is an arbitrary function of Y , and λ is a constant. Originally, the Lagrangian (105) was derived for the existence of scaling solutions in the presence of a barotropic fluid [64, 84] . Under the condition λ 2 < 2P ,X , there exists a powerlaw inflationary solution [85] . In the presence of multiple scalar fields with the Lagrangian P = n i=1 X i g(X i e λiφi ), assisted inflation can be realized with the effective slope λ = (
The simplest example is a canonical field with an exponential potential (g(Y ) = 1 − c/Y , i.e., P = X − ce −λφ ) [73] . Thus, the Lagrangian (105) not only realizes power-law inflation with constant c s , but also it corresponds to the effective single-field Lagrangian of assisted inflation.
For the Lagrangian (105), the background equations (4) and (5) read
If we define the field equation of state as w φ = P/(2XP ,X − P ), the power-law inflationary solution mentioned above corresponds to w φ = −1 + λ 2 /(3P ,X ) [67, 85] . Then, this solution satisfies the relation λ = 6(g + g 1 )
2 /(g + 2g 1 ), along which Y and ǫ are constants. From Eqs. (27) , (34), and (35), we have
where the scalar propagation speed squared is
which is constant along the power-law inflationary solution. The leading-order non-linear estimator (49) of the equilateral triangle (
For a given model (i.e., for a given form of g(Y )), the variable Y is known in terms of c s . Then, the quantities (107), (108) , and (110) can be expressed with respect to c s . Note that, in order to exit from the regime of power-law k-inflation, the Lagrangian needs to be modified around the end of inflation. We assume that for the scales relevant to the CMB anisotropies the Lagrangian is well approximated by Eq. (105). Our analysis does not exhaust all the possibilities of k-inflationary scenarios with time-varying c s , but those general analyses are more complicated because the scalar spectral index involves the term s.
In the following, we consider two representative models with power-law k-inflation.
Dilatonic ghost condensate
The dilatonic ghost condensate model [64] , which is a generalization of the ghost condensate model [86] , is described by the Lagrangian
where c is a constant. This model arises in low-energy effective string theory with α ′ corrections after the conformal transformation to the Einstein frame [64] . By making a field redefinition [84] , one can show that this is equivalent to the model P ∝ φ −2 (−X + X 2 /M 4 ) first discussed in Ref. [25] . 
which are written in terms of c s alone.
DBI model
The DBI model [65] is given by the Lagrangian 
In this case, we have
Using the relation
, we obtain
The ultra-relativistic regime (c s
The functions (114) are different from those in the original DBI model [65] . The original version of the DBI model is at odds with observations even with the WMAP data [87] . We would like to study whether the DBI model with power-law inflation can be consistent with the latest Planck data. Although our analysis based on the Lagrangian (105) is phenomenological for the DBI model, it has an advantage to reduce the number of free parameters appearing in inflationary observables. We note that there exists another type of the DBI model characterized by the potential
, where β is a constant with the theoretical allowed range 0.1 < β < 10 9 [88] . In this case, the Planck group put a tight bound β ≤ 0.7 (95 % CL) by taking into account the constraint from the non-Gaussianities [13] .
IV. JOINT OBSERVATIONAL CONSTRAINTS ON SINGLE-FIELD INFLATIONARY MODELS
In this section, we put observational constraints on each inflationary model discussed in the previous section. In doing so, we expand the power spectra P R and P h around the pivot wave number k 0 , as
where y = ln(k/k 0 ). For the validity of the Taylor expansion, we require the following conditions
Under the slow-variation approximation, both |α s (k 0 )| and |α t (k 0 )| are of the order of ǫ 2 , whereas |n s (k 0 ) − 1| and |n t (k 0 )| are O(ǫ). The value y depends on the choice of k 0 . For the scales relevant to the CMB anisotropies (2 ≤ l 2500), y is smaller than 7. Then, the convergence criteria (119) are well satisfied.
Following the Planck paper [13] , we set both α s (k 0 ) and α t (k 0 ) to be 0 in the CMB likelihood analysis. This is valid for the slow-variation inflationary models. We confirmed that even with the prior α s,t < 10 −3 the likelihood results are very similar to those in the case α s,t = 0. Setting the runnings to be 0, we are left with four parameters P R (k 0 ), n s (k 0 ), r(k 0 ), and n t (k 0 ). If we specify the models, there are some relations between n s (k 0 ), r(k 0 ), and n t (k 0 ). This allows us to reduce the number of free parameters.
We take the pivot wave number to be
performed the CosmoMC analysis for k 0 = 0.002 Mpc −1 and reproduced the results presented in Ref. [13] . We confirmed that the likelihood results are insensitive to the choice of different values of k 0 . We carry out the joint data analysis of Planck [11] , WP [12] , BAO [59] [60] [61] , and high-ℓ [62, 63] . In comparison, we also show the likelihood contours constrained by the Planck+WP+BAO data.
In the whole analysis, the flat ΛCDM model is assumed with N eff = 3.046 relativistic degrees of freedom [89] . We employ the big bang nucleosynthesis consistency relation in that the helium fraction Y p is expressed in terms of N eff and the baryon fraction Ω b h 2 [90] . We also assume that reionization occurs instantly at a redshift z re . In the following, we proceed to observational constraints on each inflationary model. For the scales relevant to the CMB anisotropies, we fix the number of e-foldings to be N = 60. In principle, we can choose smaller values of N like 50, but if some model is under an observational pressure for N = 60, it is typically more difficult to be compatible with observational constraints for N = 50. However, there are some exceptions, so we discuss such cases separately.
A. Potential-driven slow-roll inflation
For the potential-driven slow-roll inflation with the Lagrangian (50), the consistency relation between r(k 0 ) and n t (k 0 ) is given by r(k 0 ) = −8n t (k 0 ). With the CosmoMC code, we perform the likelihood analysis by varying the three inflationary parameters P R (k 0 ), n s (k 0 ) and r(k 0 ) together with other cosmological parameters.
The thick dotted curves in Fig. 1 correspond to the 68 % and 95 % CL boundaries in the (n s , r) plane constrained by the joint data analysis of Planck, WP, and BAO. These bounds are similar to those derived by the Planck mission, in spite of the different choice of k 0 (see Fig. 1 in Ref. [13] ). The thick solid curves represent the 68 % and 95 % CL borders derived by the joint data analysis of the Planck, WP, BAO, and high-ℓ data. Adding the high-ℓ data leads to the shift of n s toward smaller values and the slight decrease of r. While the Planck group showed the bounds obtained from the Planck, WP, and high-ℓ data in Fig. 1 of Ref. [13] , we also included the BAO data. The latter gives tighter bounds on n s than those constrained by the former. In the following, we place observational constraints on each inflaton potential.
Chaotic inflation
For the power-law potential (55), n s and r are given by Eq. (56). The quartic potential (n = 4) gives the values n s = 0.951 and r = 0.262 for N = 60, which is outside the 95 % CL contour 1 . For the quadratic potential (n = 2) with N = 60, we have n s = 0.967 and r = 0.132. This is close to the 95 % CL boundary constrained by the Planck+WP+BAO+high-ℓ data.
The axion monodromy scenario [92] gives rise to the linear potential with n = 1. For N = 60, this potential is within the 95 % CL region constrained by the Planck+WP+BAO data, but it is outside the 95 % CL boundary by adding the high-ℓ data. This latter bound is tighter than that derived by the Planck team based on the Planck, WP, and high-ℓ data. For N = 50, however, we have n s = 0.970 and r = 7.96 × 10 −2 , so that the linear potential enters the joint 95 % CL region constrained by Planck+WP+BAO+high-ℓ. There is another power-law potential with n = 2/3 appearing in axion monodromy [93] . For N = 60, this potential is outside the joint 95 % CL boundary constrained by Planck+WP+BAO+high-ℓ. For N = 50, we have n s = 0.973 and r = 5.32 × 10 −2 , in which case the model marginally lies within the 95 % CL contour. We note that there are some related models in which r can be smaller than that discussed above [94, 95] .
The exponential potential V (φ) = V 0 e −γφ/M pl , which gives rise to the power-law inflation a ∝ t −γφ/M pl . The dotted line (r = 10 −2 ) corresponds to the boundary between "large-field" and "small-field" models. For comparison, we also show the theoretical prediction of the Starobinsky's model f (R) = R + R 2 /(6M 2 ) (denoted as "R 2 inflation").
Natural inflation
Natural inflation is characterized by the potential
where Λ and f are constants having a dimension of mass. If inflation occurs in the region around φ = 0, the expansion of Eq. (121) gives rise to the hill-top potential of the form V (φ) = 2Λ
For the potential (121), the number of e-foldings is related to the field φ, as
The inflationary observables are
For a given value of f , we can numerically identify the value of φ at N = 60. Then, n s and r are evaluated from Eq. (122). In the limit that f → ∞, inflation occurs in the regime where φ is close to the potential minimum (φ = πf ). In this limit, n s and r approach the values of chaotic inflation with n = 2, i.e., n s = 1 − 4/(2N + 1) and r = 16/(2N + 1). For smaller f , both n s and r tend to decrease.
In Fig. 1 , we show the theoretical values of n s and r for different values of f . There are intermediate values of f with which the model is within the 68 % CL region. From the joint data analysis of Planck+WP+BAO+high-ℓ, we obtain the following bounds
The bound (124) is tighter than f > 3.5M pl derived in Ref. [96] with the WMAP data.
Hybrid inflation
Hybrid inflation is characterized by the potential
where Λ is a constant, and U (φ) depends on φ. Inflation ends due to the presence of a symmetry breaking field χ. As long as χ is close to 0, the potential can be approximated by Eq. (125) during inflation. The original hybrid model [6] corresponds to U (φ) = m 2 φ 2 /2, in which case the curvature of the potential is positive (V ,φφ = m 2 > 0). There is a supersymmetric GUT model with U (φ) = c Λ 4 ln(φ/µ) [97] (where c, Λ, µ are positive constants), in which case V ,φφ = −c Λ 4 /φ 2 < 0. We assume that the ratio r U ≡ U (φ)/Λ 4 is much smaller than 1. For the potential V (φ) = Λ 4 + m 2 φ 2 /2, n s and r are
in which case n s > 1. Under the condition r U < 0.1, the tensor-to-scalar ratio is constrained to be r < 0.8(n s − 1). In Fig. 1 , the border r = 0.8(n s − 1) corresponds to the solid curve in the regime n s > 1. Clearly the hybrid model with 
in which case n s < 1. For 0 < c < 0.1 and N = 60, the observables (127) are in the ranges 0.9808 < n s < 0.9833 and 0 < r < 6.67 × 10 −3 . As we see in Fig. 1 , the theoretical curve lies outside the 95 % CL region. Even for N = 50 (which gives smaller values of n s ), the model is outside the 95 % CL boundary constrained by the Planck, WP, BAO, and high-ℓ data.
Very small-field inflation
There are some models in which the variation of the field during inflation is much smaller than M pl and hence r ≪ 0.01 from Eq. (54) . Let us consider the inflaton potential of the form
where Λ is a constant and f (φ) is a function of φ. The function f (φ) = e −φ/M appears in the context of D-brane inflation [98] . The Kähler-moduli inflation corresponds to the choice f (φ) = c 1 φ 4/3 e −c2φ
4/3 (c 1 > 0, c 2 > 0) [99] (see also Refs. [100] for related works), In both models, the potential V (φ) is asymptotically flat in the limit φ → ∞. There are other potentials of the form f (φ) = (M/φ) n (n > 0) [98, 101] 
, but these models are generally plagued by the so-called η-problem for the natural parameters constrained by string theory.
Let us consider the case f (φ) = e −φ/M . Then, the number of e-foldings is estimated as N ≃ (M/M pl ) 2 e φ/M . We also obtain
For N = 60 and M < M pl , it follows that n s ≃ 0.967 and r < 2.2 × 10 −3 . As we see in Fig. 1 , this model is inside the 68 % CL boundary constrained by the Planck, WP, BAO, and high-ℓ data.
In Kähler-moduli inflation with f (φ) = c 1 φ 4/3 e −c2φ
4/3 , we have that 0.960 < n s < 0.967 and r < 10 −10 for 50 < N < 60 [99] . This model is well inside the 68 % CL contour. 
B. Non-minimally coupled models
We study the non-minimally coupled models given by the action (58) with F (φ) = 1 − ξφ 2 /M 2 pl and ω = 1. Since the same consistency relation as that in standard potential-driven inflation (r = −8n t ) holds, the observational constraints in the (n s , r) plane are the same as those in Fig. 1 . For two potentials V (φ) = m 2 φ 2 /2 and V (φ) = λφ 4 /4, we numerically evaluate the observables (63) and (64) for the values of x = φ/M pl corresponding to N = 60. We focus on the negative non-minimal couplings 2 with which r gets smaller relative to the case ξ = 0. For the potential V (φ) = m 2 φ 2 /2, the scalar spectral index decreases for larger values of |ξ| [50, 77, 103] . In Fig. 2 , we plot the theoretical values of n s and r as a function of ξ. From the joint data analysis of Planck+WP+BAO+high-ℓ, we obtain the following bounds for N = 60 :
The bound (131) is slightly tighter than ξ > −7.0 × 10 −3 (95 % CL) [50] derived from the WMAP7 data with N = 55. For the potential V (φ) = λφ 4 /4, the negative non-minimal couplings lead to the increase of n s as well as the decrease of r [50, 76, 77, 103, 104] . In the limit that |ξ| → ∞ with N ≫ 1, the observables (63) and (64) reduce to
For N = 60, we have n s = 0.967 and r = 3.33 × 10 −3 , in which case the model is inside the 68 % CL contour. In this regime, the scalar power spectrum (65) is approximately given by P R ≃ λN 2 /(72π 2 ξ 2 ). Since the best-fit value of the scalar amplitude at k 0 = 0.05 Mpc −1 is P R = 2.2 × 10 −9 , it follows that λ/ξ 2 ≃ 4. 
which are slightly tighter than those derived in Refs. [50, 104] with the WMAP7 data. These results are consistent with those of the Planck group [13] .
C. Running kinetic couplings
We proceed to the running kinetic coupling model described by the action (58) with F (φ) = 1 and ω(φ) = e µφ/M pl . For the power-law potential (55), the scalar spectral index and the tensor-to-scalar ratio are given by Eq. (71). For increasing µ, n s gets larger, whereas r decreases. If µ is much larger than 1, these observables can be estimated as [50] 
where N ≃ xe µx /(nµ). In the limit µ → ∞, the asymptotic values of n s and r are n s → 0.983 and r → 0 for N = 60, respectively. As we see in Fig. 3 , the running kinetic coupling model in this limit is outside the 95 % CL contour.
For the intermediate values of µ, however, the models can be within the 95 % CL region even for the potential V (φ) = λφ 4 /4. From the joint data analysis of Planck+WP+BAO+high-ℓ, we find that µ is constrained to be − 0.02 < µ < 0.57 (95 % CL) for n = 2 , (136) 0.18 < µ < 5.0 (95 % CL) for n = 4 .
These lower bounds of µ are slightly tighter than those derived in Ref. [50] with the WMAP7 data. The WMAP7 data do not put upper bounds of µ because even the model with n s = 0.983 and r = 0 is allowed. With the Planck data, however, the tighter upper limits of n s constrain µ from above. (77) with N = 60. The 68 % and 95 % CL observational contours are the same as those given in Fig. 1 . The solid curve shows the theoretical predictions in the regime −1.
corresponds to the case ωBD = 0.
D. Brans-Dicke theories
We study inflation in Brans-Dicke theories described by the action (73) with the potential (77) . We recall that the potential (77) recovers the Starobinsky's f (R) model for ω BD = 0. This approach is phenomenological, but it also has an advantage that the potential (78) in the Einstein frame (with γ = 1/ 3/2 + ω BD ) can recover the quadratic potential U (χ) ≃ 3γ 2 M 2 χ 2 /4 of chaotic inflation in the limit ω BD ≫ 1 (i.e., γ ≪ 1). In this limit, n s and r approach the values (56) of chaotic inflation with n = 2.
For the theories with |ω BD | O(1), it follows that F f = 1 + √ 2γ = O(1) and N ≃ F/(2γ 2 ). Since F ≫ 1 for N ≫ 1, the observables (79) reduce to
The Starobinsky's model f (R) = R + R 2 /(6M 2 ) corresponds to ω BD = 0, in which case n s and r are the same as Eq. (132). As we see in Fig. 4 , the tensor-to-scalar ratio decreases for smaller ω BD with the asymptotic value r → 0 in the limit ω BD → −3/2. From the joint data analysis of Planck+WP+BAO+high-ℓ, the Brans-Dicke parameter is constrained to be ω BD < 11.5 (68 % CL) .
E. Potential-driven Galileon inflation
We proceed to the potential-driven Galileon inflation described by the Lagrangian (81) . We consider the effects of three covariant Galileon terms
, and G 5 = 3c 5 X 2 /M 9 separately. We study the cases of two power-law potentials V (φ) = λφ n /n with n = 2 and n = 4 in the regime φ > 0. Sinceφ < 0 during inflation, we can choose the coefficients of the terms G i (i = 3, 4, 5) to be c 3 = −1, c 4 = −1, and c 5 = −1 without loss of generality (the signs of c i are fixed to avoid scalar ghosts). For small M , there appears a regime in which the Galileon self-interaction dominates over the standard kinetic term during inflation. In the limit that M → 0, the scalar spectral index and the tensor-to-scalar ratio in Eq. (94) reduce to [54, 81] n s = 1 − 3(n + 1) (n + 3)N + n , r = 64
We recall that, in this regime, the consistency relations are given by Eqs. (91)- (93) respectively, which are different from r = −8n t in standard slow-roll inflation. In Fig. 5 , we plot the 68 % and 95 % CL observational contours derived by using the two consistency relations: r = −8n t and r = −8.709n t . Since they are similar to each other, we can safely use the observational bounds in the (n s , r) plane constrained from the standard relation r = −8n t .
As we see in Fig. 5 , n s increases for smaller M , whereas r gets smaller. For the potential V (φ) = m 2 φ 2 /2 the theoretical curves lie inside the 95 % CL boundary, but still they are outside the 68 % CL contour. If the Galileon self-interaction dominates over the standard kinetic term even after inflation, there is no oscillatory regime of inflaton during reheating [81] . This is typically accompanied by the appearance of the negative propagation speed squared c 
which are tighter than those derived with the WMAP7 data: M < 1.1 × 10 −3 M pl (G 4 dominant) and M < 8.6 × 10 −4 M pl (G 5 dominant) [81] . In order to avoid the negative values of c 2 s , we require that M > 2.3 × 10 −4 M pl (G 4 dominant) and M > 2.9 × 10 −4 M pl (G 5 dominant) [81] . Hence there are still allowed parameter spaces compatible with the bounds (143) and (144).
F. Field-derivative couplings to the Einstein tensor
The model with the field derivative couplings to the Einstein tensor is given by the action (99) . In this case, the consistency relation (101) is the same as that in standard slow-roll inflation. In the following, we focus on the two potentials V (φ) = λφ n /n with n = 2 and n = 4. In the limit that M → 0 (i.e., α = λM n−2 pl /M 2 → ∞), the observables in Eq. (102) reduce to [82] 
When N = 60, we have n s = 0.975, r = 0.066 for n = 2 and n s = 0.972, r = 0.088 for n = 4. In Fig. 6 , we plot the theoretical values of n s and r as a function of M for n = 2 and n = 4. Even in the presence of the field-derivative couplings, both potentials are outside the 68 % CL region. For the potential V (φ) = m 2 φ 2 /2, the model with the asymptotic values (145) lies outside the 95 % CL region constrained by the Planck, WP, BAO, and high-ℓ data. This puts an upper bound on the parameter α, as α < 0.3 (95 % CL). On the other hand, from the joint analysis of Planck+WP+BAO, the theoretical curve is still inside the 95 % CL contour.
For the potential V (φ) = λφ 4 /4, the model with the asymptotic values (145) is marginally inside the 95 % CL boundary constrained from the Planck, WP, BAO, and high-ℓ data. This potential is within the 95 % CL region for
This bound is tighter than α > 3.0 × 10 −5 derived by using the WMAP7 data [82] . 
For smaller M , the tensor-to-scalar ratio decreases.
G. k-inflation

Dilatonic ghost condensate
The dilatonic ghost condensate model is given by the Lagrangian (111). Using the formulas of n s , n t , and r given in Eq. (112), we carry out the likelihood analysis by varying c s in the range 0 ≤ c s ≤ 1 together with other cosmological parameters. In Fig. 7 , we plot the 1-dimensional marginalized probability distributions of c s derived from the joint data analyses of Planck+WP+BAO+high-ℓ (solid curve) and Planck+WP+BAO (dotted curve). The Planck+WP+BAO+high-ℓ data give the following constraints 0.038 < c s < 0.043 
We also obtain similar bounds from the joint analysis of Planck+WP+BAO. Since the Harrison-Zeldovich spectrum (n s = 1, r = 0) is disfavored from the data, the model with c s = 0 is outside the 95 % CL boundary. 
In the limit c and hence the equilateral shape dominates over the orthogonal one. The Planck team used the equilateral template introduced in Ref. [105] for the above model (equivalent to "power-law k-inflation" of Ref. [24] ) and derived the following bound This is not compatible with the constraint (148), so the dilatonic ghost condensate model is severely disfavored. The same conclusion was reached in Ref. [24] , but we derived more precise bounds (147)-(148) by performing the joint data analysis of Planck+WP+BAO+high-ℓ.
DBI model with power-law inflation
The DBI model with power-law inflation is given by the Lagrangian (113) with the functions (114). Using the formulas (116), we vary two parameters c s and n s in the ranges 0 < c s ≤ 1 and 0.90 ≤ n s ≤ 1. When c s = 0, we haveỸ = 1/2 and ǫ = 3/2 from Eq. (115), in which case inflation is not realized. Even for c s ≪ 1, as long as c s is not exactly 0, it is possible to find the large parameter c M satisfying the condition c M c s ≫ 1. Then, |n s − 1| can be much smaller than 1 to match with the observational data.
In Fig. 8 , we plot the 68 % and 95 % CL observational contours derived from the joint data analysis of Planck+WP+BAO+high-ℓ and Planck+WP+BAO. From the Planck+WP+BAO+high-ℓ data, the scalar propagation speed is constrained to be
The upper bounds of c s come from the fact, for c 2 s close to 1, the spectrum approaches the Harrison-Zeldovich one. If we do not include the high-ℓ data, the upper limits of c s are slightly weaker. When c s ≪ 1, the observationally allowed values of n s are similar to those shown in Fig. 1 for r ≪ 1. In the regime 0 < c s ≪ 1, the scalar spectral index can be compatible with the data due to the presence of the exponential potential satisfying c M c s ≫ 1.
In the DBI model, the non-linear estimator at the equilateral triangle is given by f .
In the limit c , in which case the orthogonal shape provides some contribution to the total bispectrum. The Planck team used the shape function of the DBI model introduced in Ref. [66] and obtained the following bound [24] c s > 0.07 (95 % CL).
Since the bispectrum (153) is valid for any function of f (φ) and V (φ) in Eq. (113), we can use the constraint (154) for our power-law DBI model as well. Combining (154) with the bound (152), the scalar propagation speed is constrained to be 0.07 < c s < 0.43 (95 % CL).
V. CONCLUSIONS
We have studied observational constraints on single-field inflation in the framework of the Horndeski's most general scalar-tensor theories. This covers a wide class of gravitational theories such as (i) a canonical field with a potential, (ii) a non-minimally coupled scalar field with the Ricci scalar R, (iii) running kinetic couplings ω(φ)X, (iv) Brans-Dicke theories (including f (R) gravity), (v) potential-driven Galileon inflation, (vi) field-derivative couplings G µν ∂ µ φ∂ ν φ to the Einstein tensor, and (vii) k-inflation. Under the slow-variation approximation the inflationary observables like n s , r, n t , and f NL can be evaluated in a unified way for the general action (1) .
With the recent Planck data, we run the CosmoMC code by assuming the flat ΛCDM Universe. Since the scalar and tensor runnings are of the order of ǫ 2 under the slow-variation approximation, we set these parameters to be 0 in the likelihood analysis. The consistency relation between r(k 0 ) and n t (k 0 ) is different depending on the models, so we vary the inflationary observables P R (k 0 ), n s (k 0 ), and r(k 0 ) after deriving the consistency relation in each model.
The difference from the data analysis of the Planck team [13] is that we carried out the joint observational constraints with the Planck, WP, BAO, and high-ℓ data by taking the pivot wave number k 0 = 0.05 Mpc −1 (unlike k 0 = 0.002 Mpc −1 used by the Planck team). We confirmed that the joint analysis of Planck, WP, and BAO with the consistency relation r(k 0 ) = −8n t (k 0 ) reproduces the results presented in Ref. [13] very well. By adding the high-ℓ data, we find that the upper bound of n s becomes tighter than that derived in Fig. 1 of Ref. [13] (which is based on either "Planck+WP+BAO" or "Planck+WP+high-ℓ").
For each inflationary scenario studied in this paper, we summarize the main results as follows.
• (i) A canonical field with a potential V (φ)
Chaotic inflation with the quadratic potential V (φ) = m 2 φ 2 /2 is marginally inside the 95 % CL region. From the joint data analysis of Planck+WP+BAO+high-ℓ, the potentials V (φ) = λφ n /n with n = 1 and n = 2/3 are outside the 95 % CL boundary for N = 60. The constraints on the models n = 1 and n = 2/3 are tighter than those derived by the Planck team [13] .
In Natural inflation, the symmetry breaking scale f is constrained to be 5.1M pl < f < 7.9M pl (68 % CL) and f > 4.6M pl (95 % CL). The upper bound of f was newly derived.
Hybrid inflation with the potential V (φ) = Λ 4 +m 2 φ 2 /2 is disfavored from the data in the regime Λ 4 ≫ m 2 φ 2 /2. In another Hybrid inflation model with the potential V (φ) = Λ 4 [1 + c ln(φ/µ)], the scalar spectral index can be as small as n s = 0.98 with a suppressed tensor-to-scalar ratio, but such a model is outside the 95 % CL contour. These confirm the results of Ref. [13] .
We also studied the potentials of the form V (φ) = Λ 4 [1 − f (φ)], where f (φ) is a function that asymptotically approaches 0 in the limit φ → ∞. For the functions f (φ) = e −φ/M and f (φ) = c 1 φ 4/3 e −c2φ
4/3 appearing in Dbrane inflation and Kähler-moduli inflation respectively, we have n s ≃ 1−2/N with a very small tensor-to-scalar ratio. Such models are most favored observationally.
• (ii) Non-minimally coupled models with ξφ 2 R/2
For the quadratic potential V (φ) = m 2 φ 2 /2, we derived the new bound −4.2×10 −3 < ξ < −1.1×10 −3 (68 % CL). The quartic potential V (φ) = λφ 4 /4 enters the 68 % CL region for ξ < −4.5 × 10 −3 (which is consistent with the result of Ref. [13] ). In Higgs inflation, we have n s ≃ 1 − 2/N and r ≃ 12/N 2 in the limit |ξ| → ∞, in which case the model is well inside the 68 % CL region.
• (iii) Running kinetic couplings ω(φ)X
The coupling ω(φ) = e µφ/M pl (µ > 0) can reduce the tensor-to-scalar ratio for the potential V (φ) = λφ n /n (n > 0). In the limit µ ≫ 1, however, n s ≃ 1 − 1/N = 0.983 for N = 60, in which case the model is outside the 95 % CL region. We derived the new bounds −0.02 < µ < 0.57 (95 % CL) for n = 2 and 0.18 < µ < 5.0 (95 % CL) for n = 4.
